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Chiral Perturbation Theory

ChPT lagrangian: The most general expansion in terms of derivatives of the U(x)
field and masses which respects all the symmetries of QCD:

For low energies, ! 1 GeV, and low temperatures, ! 300 MeV, we are in the non-
perturbative regime of QCD. But in this regime, the chiral symmetry of QCD is spon-
taneously broken:

Chiral symmetry is non-linearly realized on the Goldstone bosons:

There, the degrees of freedom are the corresponding Goldstone bosons: pions,
kaons and eta.

LChPT = L2 + L4 + L6 + . . . (infinite # of terms)

with U(x) ≡ exp
(

i
φ(x)
F0

)
, and φ(x) =

8∑

a=1

λaφa(x)

U(x) χ!→ RU(x)L†

∈ SU(3)L

∈ SU(3)R

Gell-Mann matrices

Goldstone bosons

χ ≡ SU(3)L × SU(3)R ≡ SU(3)V × SU(3)A −→ SU(3)V .

⇒ [QV
a ,φb] = ifabcφc , [QA

a ,φb] = gab(φ) .
a non-linear function



Leading and next-to-leading order lagrangians

L2 =
F 2

0

4
Tr{(∇µU)(∇µU)†}+

F 2
0

4
Tr{χU† + Uχ†} .

L4 = L1

(
Tr{(∇µU)(∇µU)†}

)2
+ L2 Tr{(∇µU)(∇νU)†}Tr{(∇µU)(∇νU)†}

+ L3 Tr{(∇µU)(∇µU)†(∇νU)(∇νU)†}+ L4 Tr{(∇µU)(∇µU)†}Tr{χU† + Uχ†}

+ L5 Tr{(∇µU)(∇µU)†(χU† + Uχ†)}+ L6

(
Tr{χU† + Uχ†}

)2

+ L7

(
Tr{χU† − Uχ†}

)2
+ L8 Tr{Uχ†Uχ† + χU†χU†}

− iL9 Tr{fR
µν(∇µU)(∇νU)† + fL

µν(∇µU)†(∇νU)}+ L10{UfL
µνU†fµν

R }
+ H1 Tr{fR

µνfµν
R + fL

µνfµν
L }+ H2 Tr{χχ†} .

Leading order:

Next-to-leading order:

where the energy and temperature-independent constants F0, B0, L1, L2,
L3, L4, L5, L6, L7, L8, L9, L10,H1,H2 are experimentally determined.



Perturbation Theory:  Weinberg’s Theorem

D = 2 +
∑

n

Nn(n− 2) + 2L . Eg.,
2 2

Dimension D of a Feynman diagram:

Weinberg’s Theorem:

Rescaling :
{

pi !→ tpi

mq !→ t2mq
⇒ M(tpi, t

2mq) = tDM(pi,mq) .

Number of loops

Number of vertices from Ln

= O(p4)

p = E, |p|, T, M

Perturbation theory against the scales: Λχ ∼ 1 GeV (for momenta), ΛT ∼ 200 MeV
(for temperatures).

amplitude of a diagram



Transport coefficients in hot gauge and scalar theories

In Linear Response Theory (LRT), a transport coefficient is given by:

T = CT lim
q0→0+

lim
|q|→0+

∂ρT (q0, q)
∂q0

.

For T ! m, an infinite number of Feynman diagrams have to be summed, because
of pinching poles:

= O(1/λ2)The most harmful diagrams are the ladder ones:

Bubble diagrams turn out to be subdominant:

Thus, resummation necessary in those theories. What happens in ChPT?.

[Jeon, PRD 52, 3591 (1995)]

Gadv(p0,p)Gret(p0,p) ! π

4E2
pΓp

[
δ(p0 − Ep) + δ(p0 + Ep)

]
, and Γ ∼ O(λ2T ) .

λφ4

=

V +O(λ)

[Arnold, Moore & Yaffe, JHEP 0011:011 (2000)]

only for lines which share the same momentum

(but not for the bulk viscosity)



Particle width in ChPT

Unitarity and the Inverse Amplitude Method (IAM)

IAM:
It verifies the unitarity
condition exactly.

ChPT violates the unitarity condition for high p: S†S = 1⇒ Im tIJ(s) = σ(s)|tIJ(s)|2,
with σ(s) ≡

√
1− 4M2

π/s.

Γ (k1) =
1
2

∫
d3k2

(2π)3
e−βE2σππvrel(1− v1 · v2) ∼ Im

Scattering cross section:

σππ(s) ! 32π

3s

[
|t00(s)|2 + 9|t11(s)|2 + 5|t20(s)|2

]
.

Because partial waves are essentially polynomials in p: tIJ(s) = t(1)IJ (s)+t(2)IJ (s)+O(s3) .

Transport coefficients in ChPT 
[Gomez Nicola & DFF, PRD 73, 045025 (2006)]

tIJ(s) ! t(1)IJ (s)

1− t(2)IJ (s)/t(1)IJ (s)
.



Ladder diagrams:

Bubble diagrams: Weinberg’s theorem does not give
the correct order for TC at low T :
O(p2n)! O(p4n).

This counting allows us to quickly
obtain the functional form of TC at
low T .

Diagramatic analysis

Eg., if we only consider constant vertices, for the DC conductivity:

If T ! Mπ, X ∼ 1,
and derivative ver-
tices become im-
portant ⇒ resum-
mation may be rel-
evant.
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Electrical conductivity (pion gas)

Kubo formula:

σ = −1
6

lim
q0→0+

lim
|q|→0+

∂ρσ(q0, q)
∂q0

, ρσ(q0, q) = 2 Im i
∫

d4x eiq·xθ(t)〈[Ji(x), J i(0)]〉 .

Results:

According to Kinetic Theory (KT): σ ∼
e2nchτ

Mπ
, but τ ∼ 1/Γ , and Γ ∼ nvσππ.

For T ! Mπ, n ∼ (MπT )3/2e−Mπ/T ,
v ∼

√
T/Mπ, and σππ is a constant,⇒

σ ∼ 1/
√

T .

[Gomez Nicola & DFF, PRD 73, 045025 (2006)]

T !Mπ : σ(0) " 15
e2F 4

π

T 1/2M5/2
π



Application: soft-photon spectrum

Considering a Bjorken’s hydrodynamical expansion:
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ω
dRγ

d3q
=

1
8π3

nB(ω)ρµ
µ(ω = |q|) , ⇒ ω

dRγ

d3q
(ω → 0+, q = 0) =

1
4π3

3Tσ(T ) .

DC conductivity is related to the soft-photon spectrum emmited by the pion gas:

Ward identity: qµρµ
ν = 0⇒ ρ00(ω "= 0, q = 0) = 0 .

ω
dNγ

d3q
(q⊥ → 0) " 2πR2

Aηnucl

τf∫

τi

3T (τ)σ(T (τ))
4π3

τdτ .

WA98
[Turbide, Rapp & 

Gale, PRC 69, 
014903 (2004) ]

[Rapp & Liu, NPA 796, 101 (2007) ]

Γ != 0 important for
low energies (LPM effect)



Thermal conductivity (pion gas)

Kubo formula:

Results:

κ = −β

6
lim

q0→0+
lim

|q|→0+

∂ρκ(q0, q)
∂q0

, ρκ(q0, q) = 2 Im i
∫

d4x eiq·xθ(t)〈[T0i(x), T 0i(0)]〉 .

From KT: κ ∼ cplv.

For T ! Mπ, cp ∼ T−1/2e−Mπ/T , ⇒
κ ∼ T−3/2.

[Gomez Nicola & DFF, Int.J.Mod.Phys.E16:3010]
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Torres et al., hep-ph/0702130
Prakash et al., PR 227, 321 (1993)

T !Mπ : κ(0) " 10
F 4

π

T 3/2M1/2
π



Shear and bulk viscosities

In presence of viscosities, the energy-momentum of the fluid is modified in the way:

Tij = pδij − η

(
∂iuj + ∂jui −

2
3
δij∇ · u

)
− ζδij∇ · u .

pressure shear viscosity

bulk viscosity

velocity

In LRT:

η =
1
20

lim
q0→0+

lim
|q|→0+

∂ρη(q0, q)
∂q0

, ζ =
1
2

lim
q0→0+

lim
|q|→0+

∂ρζ(q0, q)
∂q0

,

with

where

ρη(q0, q) = 2 Im i
∫

d4x eiq·xθ(t)〈[πij(x),πij(0)]〉 ,

ρζ(q0, q) = 2 Im i
∫

d4x eiq·xθ(t)〈[P̃(x), P̃(0)]〉 .

πij ≡ Tij − gijT
l
l /3 , P̃ ≡

︷ ︸︸ ︷
−T l

l /3− v2
s T00 .



Shear viscosity (pion gas)
Results:

From KT: η, ζ ∼Mπvnl, but l ∼ 1
σππn

.

So for T !Mπ, η, ζ ∼
√

T .

AdS/CFT bound:
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For η and ζ ladder diagrams could be
important for T < Mπ.

Good agreement with KT ⇒ cancella-
tion of ladders?

[Nakamura&Sakai, PRL 
94, 72305 (2004)]

[Gomez Nicola & DFF, Int.J.Mod.Phys.E16:3010]

η/s ∼ ετ/n ∼ Eτ ! 1

Sound attenuation length:

Neglecting bulk viscosity, Γs !
4η

3sT
.

At T = 180 MeV, we obtain Γs ! 1.1 fm.
[Teaney, PRC 68, 034913 (2003)]

ω = vsk +
1
2
iΓsk

2 .

! ! ! ! ! !
!
!
!

!

!

!

!

!

!

!
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[Kovtun, Son & Starinets, 05]



Bulk viscosity and the trace anomaly

Trace anomaly of QCD:

Bulk viscosity: ζ =
1
9

lim
ω→0+

1
ω

∞∫

0

dt

∫
d3x eiωt 〈[T̂µ

µ (x), T̂ ν
ν (0)]〉 =

π

9
lim

ω→0+

ρ(ω,0)
ω

Sum rule:

Ansatz: ρ(ω,0)
ω

=
9ζ

π

ω2
0

ω2
0 + ω2

ω0 ∼ 1 GeV

[Kharzeev & Tuchin, 
arXiv:0705.4280 
[hep-ph]; Kharsch, 
Kharzeev & Tuchin, 
PLB 663, 217 (2008)]

9ω0ζ = Ts

(
1
c2
s

− 3
)
− 4(ε − 3P ) +

(
T

∂

∂T
− 2

)
〈mq̄q〉∗ − 4〈Tµ

µ 〉0 + 6(M2
π + F 2

π + M2
KF 2

K)

2
∞∫

0

ρ(u,0)
u

du = Ts

(
1
c2
s

− 3
)
− 4(ε − 3P ) +

(
T

∂

∂T
− 2

)
〈mq̄q〉∗

− 4〈Tµ
µ 〉0 + 6(M2

π + F 2
π + M2

KF 2
K)

〈·〉∗ ≡ 〈·〉T − 〈·〉0

∂νJν
dil = Tµ

µ =
β(g)
2g

Ga
µνGµν

a + (1 + γ(g))q̄Mq

〈Tµ
µ 〉T = ε − 3P



Trace anomaly for a pion gas (in preparation)
P. Gerber, H. Leutwyler / Hadrons below the chiral phase transition 

[] 
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Fig. 1. Feynman graphs occurring in the low temperature expansion of the partition function to order 

T 8. The numbers attached to the vertices refer to the piece of the effective lagrangian they come from: 

the symbol U '  e.g. denotes a vertex generated by L ~4). Vertices associated with the leading term L t2) are 
represented by a dot. 

Us ing  this relation, one obtains 

z6a = 3 M 2 ( G  )2 /8F2  

Zsa = - 25MZ(G1)3/48F 4. 

(2.6) 

(2.7) 

The  three-loop graph 8b involves an integral over the torus T defined by - i l l 2  <~ 

X 4 ~ j ~ / 2 ,  

c2 = fTddx I t (x)]  2. (2.8) 

This integral can be expressed in terms of the derivative of  the propagator  with 

respect  to the mass 

G 2 

In  terms of  this quantity,  we have 

dG 1 

d M  2 . (2.9) 

z,b = M2( G1)2(8Ga - 3MZG2)/16F 4. (2.10) 

From ChPT:
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dT

(
P

T 4

)

O(T 6)

O(T 8)

For mu = md = 0:
T (MeV)

O(T 8), mq = 0

O(T 6)

O(T 8)

(i) the low temperature regime, which in the vicinity of the
transition temperature often is compared with the physics
of a resonance gas and which at lower temperatures is
sensitive to properties of the hadron spectrum controlled
by chiral symmetry breaking; (ii) the genuine nonpertur-
bative physics in the transition region and at temperatures
above but close to the crossover region which is probed
experimentally at RHIC and presumably is a still strongly
interacting medium with a complicated quasiparticle struc-
ture; and (iii) the high temperature regime, which even-
tually becomes accessible to resummed perturbative
calculations. In numerical calculations on a lattice these
three regimes also deserve a separate discussion as discre-
tization effects influence lattice calculations in these re-
gimes quite differently. Before proceeding to a calculation
of other bulk thermodynamic observables we therefore will
discuss in the following three subsections properties of
!!" 3p#=T4 in three temperature intervals: (i) T &
200 MeV or T & Tc, (ii) 200 MeV & T & 300 MeV or
1:0 & T=Tc & 1:5 and (iii) T * 300 MeV or T * 1:5Tc.

1. Trace anomaly at low temperatures

In Fig. 6 we show the low temperature part of !!"
3p#=T4 obtained from our calculations with the p4fat3
action on lattices with temporal extent N" $ 4 and 6 and
spatial size N#=N" $ 4. We compare these results with
calculations performed with the asqtad action [11] for
N" $ 6. These latter calculations have been performed
on lattices with smaller spatial extent, N#=N" $ 2, and
results are based on lower statistics. These calculations are,
however, consistent with our findings. We also note that
results obtained for two different values of the lattice cut-
off, N" $ 4 and 6, are compatible with each other.

In the transition region from high to low temperature it is
generally expected that thermodynamic quantities can be
described quite well by a hadron resonance gas (HRG) [6];
the freeze-out of hadrons in heavy ion experiments takes

place in this region and observed particle abundances are,
in fact, well described by a HRG model [30]. Also a
comparison of lattice results for the EOS with heavier
quarks with a resonance gas model Ansatz was quite sat-
isfactory [31] but required the use of a suitably adjusted
hadron mass spectrum. As we now can perform lattice
calculations with almost physical quark mass values a
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FIG. 5 (color online). The fermionic contribution to the trace anomaly (left) and the ratio of the light and strange quark contributions
to !$$

F =T4 (right).
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FIG. 6 (color online). Comparison of the low temperature part
of !!" 3p#=T4 calculated on lattices with temporal extent N" $
4 and 6 with a resonance gas model that includes all resonances
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temperature obtained on the lattice for different quark
masses.

4 Quark mass dependence
of the QCD transition

We want to confront here the resonance gas model devel-
oped in the previous section with lattice results on the
quark mass dependence of the QCD transition tempera-
ture and use it to learn about the critical conditions near
deconfinement. Lattice calculations suggest that this tran-
sition is a true phase transition only in small quark mass
intervals in the light and heavy quark mass regime, re-
spectively. In a broad intermediate regime, in which the
pion mass changes by more than an order of magnitude,
the transition is not related to any singular behavior of
the QCD partition function. Nonetheless, it still is well

localized and is characterized by rapid changes of thermo-
dynamic quantities in a narrow temperature interval. The
transition temperature thus is well defined and is deter-
mined in lattice calculations through the location of max-
ima in response functions such as the chiral susceptibility.
A collection of transition temperatures obtained in calcu-
lations with 2 and 3 quark flavors with degenerate masses
is shown in Fig. 3. The main feature of the numerical re-
sults which we want to explore here is that the transition
temperature varies rather slowly with the quark mass. In
[17] the almost linear behavior has been described by the
fit

(
Tc√
σ

)

mPS/
√

σ

= 0.4 + 0.04(1)
(

mPS√
σ

)
, (13)

which also is shown in Fig. 3. For pion masses mPS ∼ (6–
7)

√
σ # 2.5 GeV the transition temperature reaches the

pure gauge value, Tc/
√

σ # 0.632(2) [27].
We note that all numerical results shown in Fig. 3 do

correspond to quark mass values in the crossover regime.
Also the resonance gas model formulated in the previous
section does not lead to a true phase transition. We thus
may ask what the conditions in a hadron gas are that trig-
ger the transition to the plasma phase. Using the hadron
gas with a quark mass dependent hadron mass spectrum
and including the same set of 1026 resonances which have
been included in other phenomenological calculations [5,
6] we have constructed resonance gas models for 2- and 3-
flavor QCD, respectively. In the former case we eliminate
all states containing strange quarks whereas in the latter
case we assigned to meson states containing strange parti-
cles the corresponding masses of non-strange particles, e.g.
kaons have been replaced by pions etc. With these reso-
nance gas models we have calculated the energy density at
the transition temperature. We use Tc = 175 (15) MeV for
2-flavor QCD and Tc = 155 (15) MeV for 3-flavor QCD, re-
spectively. For the energy densities at the transition point

[Karsch et al., 03]

Lattice

HRG

HRG

fit

[Cheng et al., 08]

Pressure
[Gerber & Leutwyler, 89]

HRG approximation: all mesonic and baryonic resonances
up to 2 GeV, 1026 in total, introduced as free states.

[Karsch et al., 03]

Tc ! 170 MeV

HRG with only π, σ, ρ

HRG with only π, σ, ρ

〈Tµ
µ 〉∗

T 4

〈Tµ
µ 〉∗ =

π2

270
T 8

F 4
π

(
ln

Λp

T
− 1

4

)
, Λp ∼ 400 MeV .

Hadron Resonance Gas & Lattice (2+1 q):
* *

∆ ≡ ε− 3P

T 4
=

1026∑

i=1

εi − 3Pi

T 4

∗=
1026∑

i=1

gi

2π2

∞∑

k=1

(−η)k+1 (βmi)3

k
K1(kβmi)



Behavior of the      and      resonances in mediumσ ρ
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Finite temperature:

Finite nuclear density:

where σπN ! 45 MeV, and ρ0 ! 0.17 fm–3.

[Thorsson & Wirzba, NPA 589, 633 (1995)]

We can encode approximately nuclear density effects in Fπ:

F 2
π (ρ)
F 2

π

! 〈q̄q〉(ρ)
〈q̄q〉(0)

!
(

1− σπN

M2
πF 2

π

ρ

)
+O(Mπ)

!
(

1− 0.35
ρ

ρ0

)
+O(Mπ) ,

IIII
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[Gomez Nicola, Herruzo & DFF, 
PRD 76, 085020 (2007)]

[Cabrera, Gomez Nicola, & DFF,  
about to send it to arXiv]

For an improved study of
temperature and nuclear
density effects for the σ
using the Bethe-Salpeter
eq. see



The role of resonances in the trace anomaly and the bulk viscosity (in prep.)

Trace anomaly:

Bint
ij =

eβ(mi+mj)

2π3

∞∫

mi+mj

dE E2K1(βE)
∑

I,J,S

(2I + 1)(2J + 1)δij
IJS(E)

Virial Gas Approximation (dilute system):

ξi ≡ eβ(µi−mi) , B(n)
i =

giη
n+1
i

2π2n

∞∫

0

dp p2e−nβ(Ei−mi)

!

!
!

!

!
!

!

!

!
!
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FIG. 2. Upper panels: Bulk viscosity, scaled by the energy
density, is displayed for the linear σ model. Peak at Tc is due to
the σ field’s inability to reach equilibrium, while the peak at low
energy density is due to falling away from equilibrium. Viscous terms
are larger and sharper for couplings close to the critical coupling
(gc = 3.554). Lower Panel: For a Bjorken expansion (∇ · u = 1/τ ),
pressure is plotted alongside the Navier-Stokes expression, Tii =
P − B∇ · u. Since the Navier-Stokes expression and the linear
response approximation are only valid for small, linear changes to
the stress-energy tensor, the dynamics of the mean field should be
handled explicitly if the corrections are large, as in the lower left-hand
panel.

hydrodynamics. We expect Israel-Stewart [13–17] equations
for hydrodynamics to result in moderated effects compared
to Navier-Stokes, though they should give identical results
if the corrections are modest. If the effects are also large
in Israel-Stewart solutions, one should consider treating the
dynamics of the mean field explicitly along the lines of [11],
where the equations of motion for hydrodynamics and for the
the mean field were solved in parallel.

IV. SUMMARY

The simplicity of the Kubo relations, Eqs. (7) and (8),
masks the wide variety of physical sources of viscosity. The
one common aspect of the various sources is that nonzero
equilibration times or nonzero interaction ranges can always
be identified. We focused on bulk viscosities associated with
the chiral transition. In general, one would expect such
effects whenever a system needs to rapidly rearrange its basic
structure. In this sense, these effects have much in common
with supercooling or hysteresis. In the case of a first-order
transition where supercooling occurs, the departure from
equilibrium is not proportional to the rate at which the system is
changing, and the language of Navier-Stokes hydrodynamics
is inappropriate.

The peaking of the bulk viscosity near Tc is in stark contrast
to the behavior of the shear viscosity for many fluids, which
comes to a minimum near Tc [18]. In Ref. [18], convincing
physical arguments are presented that the shear viscosity for

the deconfinement transition also comes to a minimum near
Tc. If the source of the viscosity is mainly due to the system’s
failure to equilibrate a scalar quantity such as the σ field, one
physically expects the singularity to be confined to the bulk
viscosity. However, it is of interest that models of binary fluids
also make predictions of a singularity in the shear viscosity
near Tc as described in [19], where physical arguments are
made by thermodynamically linking the diverging correlation
length to a divergence in viscous forces. One lesson from the
study of critical phenomena is that critical exponents inferred
from mean-field models like those discussed here will likely
be incorrect, even though the qualitative behavior might be
well reproduced.

The implications for dynamics should be that the matter
accelerates more quickly because of the higher gradients in Txx

that occur when the interior energy density is above the critical
region. Once the matter flows into the viscous region of energy
densities, there should be a slowing down and a reduction of
surface emission. This trend would be in the right direction to
explain identical-pion correlation measurements which show
a rapid expansion with a sudden disintegration [20], but the
potential magnitude of the effects are not yet known.

Finally, we reemphasize that if one were to solve for
the evolution of the mean fields or chemistry while solving
the hydrodynamic evolution equations, one could forego
incorporating these effects through the viscosity coefficients.
If the stress-energy tensor is strongly affected, the proper
conclusion may be that rather than absorbing these effects
into viscous hydrodynamics, one should treat nonequilibrated
degrees of freedom explicitly. For instance, the dynam-
ics of the σ field can be calculated in parallel with the
hydrodynamic equations of motion as done in [11], though
it would be important to incorporate damping effects, which
were neglected there. Furthermore, chemical nonequilibration
might be accounted for by solving for the time evolution of
chemical abundances, then expressing the pressure in terms of
the resulting nonequilibrated densities.
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APPENDIX A: EQUIVALENCE BETWEEN
DAMPED HARMONIC OSCILLATOR AND

MEAN FIELD EQUATIONS

The differential equations for the harmonic oscillator and
for the Klein-Gordon equations,

m
d2x

dt2
= −γ

dx

dt
− k(x − x0(t)) + F (t),

(A1)
d2σ

dt2
= −$

dσ

dt
− m2

σ (σ − σeq) + F (t),
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Therefore, according to the sum rule, we do not ex-
pect a big effect in the bulk viscosity from in-medium
resonances.

〈Tµ
µ 〉∗

T 4

ζ ∝ Γσ

m2
σ

βP =
∑

i



B(1)
i ξi + B(2)

i ξ2
i +

∑

j≥i

Bintξiξj + . . .







Bulk viscosity of the pion gas (in preparation)
Heat capacity and speed of sound (ChPT):

minimal value of about !c2s"min ’ 0:09 that is reached at
! * !1–2" GeV=fm3. The dependence of p=! on the en-
ergy density can be parametrized in the high temperature
region with a simple Ansatz [35],

 

p
!

# 1

3

!
C$ A

1% B!fm3=GeV

"
; (32)

which then also allows a simple calculation of the velocity
of sound, using Eq. (31). We find that the above parame-
trization yields a good fit of the N" # 6 data in the interval
1:3 & !1=4=!GeV=fm3"1=4 & 6 with a #2=dof of 1.3. For
the fit parameters we obtain, C # 0:964!5", A # 1:16!6"
and B # 0:26!3". This fit and the resulting velocity of
sound are also shown in Fig. 9 (right).

At energy densities below ! ’ 1 GeV=fm3 the lattice
calculations indicate a rise of p=! as expected in hadron
resonance gas models. However, the current resolution and
accuracy of lattice calculations in this regime clearly is not
yet sufficient to allow for a detailed comparison between
both.

As pointed out in Sec. II the nonperturbative vacuum
condensates of QCD show up at high temperature as
powerlike corrections to temperature dependence of the
trace anomaly and consequently also to pressure and en-
ergy density. These vacuum condensate contributions drop
out in the entropy density which is shown in Fig. 10. It thus
is an observable most suitable for comparisons with (re-
summed) perturbative calculations [15]. Like energy den-
sity and pressure, the entropy also deviates from the ideal
gas value by about 10% at T ' 4Tc.

We note that for T & 2Tc the results obtained with the
asqtad action [11] for the entropy density are in good
agreement with the results obtained with the p4fat3 action,
although at least in the high temperature limit the cutoff
dependence of both actions is quite different. This suggests
that at least up to temperature T ’ 2Tc nonperturbative
contributions dominate the properties of bulk thermody-
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Conclusions

We cannot apply Weinberg’s counting to estimate the contribution of 
Feynman diagrams to TC at low temperatures.

Our counting allows us to quickly obtain the leading order contribution 
for transport coefficients in ChPT at very low temperatures.

Good agreement with KT analyses, and with phenomenological 
predictions.

Resummations may be neccessary for temperatures near      . 
Cancellation of ladders?.

Current lines of work on this topic:

Extension to SU(3) (    kaons, eta and more resonances). Role of ladder 
diagrams near     . 

⇒
Tc

More exhaustive study of the conformal properties of the ChPT lagrangian.

Tc


